The concept of self-dual supersymmetric nonlinear electrodynamics is generalized to a curved superspace of N = 1 supergravity, for both the old minimal and the new minimal versions of N = 1 supergravity. We derive the self-duality equation, which has to be satisfied by the action functional of any U(1) duality invariant model of a massless vector multiplet, and construct a family of self-dual nonlinear models. This family includes a curved superspace extension of the N = 1 super Born-Infeld action. The supercurrent and supertrace in such models are argued to be duality invariant. The most interesting and unexpected result is that the requirement of nonlinear self-duality yields nontrivial couplings of the vector multiplet to Kähler sigma models. We explicitly derive the couplings to general Kähler sigma models in the case when the matter chiral multiplets are inert under the duality rotations, and more specifically to the dilaton-axion chiral multiplet when the group of duality rotations is enhanced to SL(2, R). 1 See [21] for earlier attempts to construct an N = 2 supersymmetric version of the Born-Infeld action.
Introduction
In 1935, Schrödinger [1] showed that the nonlinear electrodynamics of Born and Infeld [2] , proposed as a new fundamental theory of the electromagnetic field, possessed a remarkable property -invariance under U(1) duality rotations. Although the great expectations, which originally led the authors of [2] to put forward their model, never came true, the Born-Infeld action has re-appeared in the spotlight since the 1980's as a low energy effective action in string theory [3, 4] . Along with patterns of duality in extended supergravity [5, 6] , this motivated Gaillard and Zumino, Gibbons and others [7, 8, 9, 10, 11, 12, 13] to develop a general theory of (nonlinear) self-duality in four and higher space-time dimensions for non-supersymmetric theories. Extension to 4D N = 1, 2 globally supersymmetric theories was given in [14, 15] . As a final step in developing the formalism, it was also shown in [16] how to re-formulate the requirement of nonlinear self-duality (i.e. a nonlinear equation which the action functional has to satisfy in order for the theory to be duality invariant) as a condition of manifest invariance of the interaction; in a sense, this is a nice extension of Schrödinger's ideas [1] .
There exist deep yet mysterious connections between nonlinear self-duality and supersymmetry and here we give three examples. First, in the case of partial spontaneous supersymmetry breakdown N = 2 → N = 1, the Maxwell-Goldstone multiplet [17, 19] (coinciding with the N = 1 supersymmetric Born-Infeld action [20] ) and the tensor Goldstone multiplet [18, 19] were shown in [14, 15] to be self-dual, i.e. invariant under U(1) duality rotations. Our second example concerns partial supersymmetry breakdown N = 4 → N = 2. To construct a Maxwell-Goldstone multiplet action for such a scenario -the N = 2 supersymmetric Born-Infeld action 1 -it was suggested in [15] to look for an N = 2 vector multiplet action which should be (i) self-dual; (ii) invariant under a nonlinearly realized central charge bosonic symmetry. These requirements turn out to allow one to restore the Goldstone multiplet action uniquely to any fixed order in powers of chiral superfield strength W; this was carried out in [15] up to order W 10 . Recently, there has been considerable progress in developing the formalism of nonlinear realizations to describe the partial SUSY breaking N = 4 → N = 2 [22] . So far, the authors of [22] have reproduced the action obtained in [15] . Finally, we should mention that the (Coulomb branch) low energy effective action of the N = 4 supersymmetric Yang-Mills theory is conjectured to be invariant under U(1) duality rotations [14] (a weaker form of self-duality of the effective action was proposed in [23] ).
The above features provide enough evidence for considering supersymmetric self-dual systems to be quite interesting and their properties worth studying. In the present note, self-dual nonlinear supersymmetric electrodynamics [14, 15] is coupled to N = 1 supergravity in the presence of nonlinear Kähler sigma models. To describe N = 1 supergravity, we separately consider its two off-shell realizations 2 : the old minimal formulation [24, 25] and the new minimal formulation [26] . By now, 4D N = 1 superfield supergravity is a subject of several textbooks [28, 29, 30] to which the interested reader is referred for further details and references.
The structure of the paper is as follows. Working with the old minimal version of N = 1 supergravity, in section 2 we derive the self-duality equation as the condition for a vector multiplet model to be invariant under U(1) duality rotations. We then demonstrate self-duality under a superfield Legendre transformation, introduce a family of self-dual nonlinear models and argue that the supercurrent and supertrace in such models are duality invariant. To a large extent, these results are just a minimal curved superspace extension of the globally supersymmetric results presented in [15] . However, the game will become more interesting when we turn to the couplings to new minimal supergravity and Kähler sigma models. Section 3 is devoted to the coupling of selfdual nonlinear supersymmetric electrodynamics to the dilaton-axion multiplet in curved superspace; this is of interest from the point of view of string theory.
2 Electromagnetic duality rotations in curved superspace We follow the notation 3 and N = 1 supergravity conventions of [30] . Unless otherwise stated we work with the old minimal formulation of N = 1 supergravity. The superspace geometry is described by covariant derivatives
The non-minimal version of N = 1 supergravity [27] does not lead to interesting matter couplings, see e.g. [30] . 3 In particular, z M = (x m , θ µ ,θμ) are the coordinates of N = 1 curved superspace,
is the full flat superspace measure, and d 6 z = d 4 x d 2 θ is the measure in the chiral subspace.
with E M A the supervielbein, Ω A the Lorentz superconnection and M bc ⇔ (M βγ ,Mβγ) the Lorentz generators. The covariant derivatives obey the following algebra:
where the tensors R, G a =Ḡ a and W αβγ = W (αβγ) satisfy the Bianchi identities
Modulo purely gauge degrees of freedom, all geometric objects -the supervielbein and the superconnection -can be expressed in terms of three unconstrained superfields (known as the prepotentials of old minimal supergravity): gravitational superfield H m =H m , chiral compensator ϕ (Ēαϕ = 0) and its conjugateφ. The old minimal supergravity action is
with the gravitational coupling constant being set equal to one.
In what follows, to simplify notation, we introduce
with A α and B α covariantly chiral spinor superfields,DαA α =DαB α = 0 (a similar notation will also be used for chiral scalars). We often make use of the relation
where the equality in the last line takes place in the so-called chiral representation (see [28, 30] for more details). This result is especially simple in the chiral case, L = L c /R, with L c a covariantly chiral scalar,DαL c = 0.
Self-duality equation
Consider a model of a single Abelian N = 1 vector multiplet in curved superspace as generated by the action S[W,W ]. The covariantly (anti) chiral spinor superfield strengths Wα and W α ,
are defined in terms of a real unconstrained prepotential V . Consequently, the strengths are constrained superfields satisfying the Bianchi identity
can be unambiguously defined 4 as a functional of unconstrained (anti) chiral superfieldsWα and W α . Then, one can define covariantly (anti) chiral superfieldsMα and M α as
with the functional derivatives defined by
The vector multiplet equation of motion following from the action S[W,W ] reads
Since the Bianchi identity (2.8) and the equation of motion (2.11) have the same functional form, one may consider U(1) duality rotations
(2.13)
Following the method described in [14, 15] , the condition that S[W,W ] be self-dual is equivalent to the reality condition
Any solution, S[W,W ], of this self-duality equation generates a U(1) duality invariant supersymmetric electrodynamics coupled to old minimal supergravity. The self-duality equation can be shown to be equivalent to the following invariance condition under U(1) duality rotations (2.12)
Invariance under superfield Legendre transformation
One of the nice properties of all models of self-dual electrodynamics is invariance under Legendre transformation [12] . It was shown in [14] that this property also holds for any globally supersymmetric model of the massless vector multiplet that is invariant under U(1) duality rotations. We will demonstrate that this property also naturally extends to curved superspace.
Consider a massless vector multiplet model in curved superspace described by action S[W,W ]. The Legendre transformation is defined by introducing an auxiliary action
where W α is now an unconstrained covariantly chiral spinor superfield, and W D α the dual field strength 
Family of self-dual models
Extending the globally supersymmetric results of [14] , we now present a family of N = 1 supersymmetric self-dual models with actions of the general form
where Λ(u,ū) is a real analytic function of the complex variable
The condition of self-duality (2.14) on the model (2.18) turns out to be equivalent to a differential equation which the interaction Λ(u,ū) has to satisfy. This equation is
(2.20)
As an important example, consider a minimal curved superspace extension 5 of the N = 1 supersymmetric Born-Infeld action [20, 17, 19] 
where the covariantly chiral scalar X is a functional of W α andWα defined by the nonlinear constraint
Following [17] , this can be shown to be equivalent to
This action is of the form (2.18), and one can readily check that the differential equation (2.20) is satisfied. Therefore, the minimal curved superspace extension of the N = 1 super Born-Infeld action is self-dual.
Duality invariance of the supercurrent and supertrace
In the bosonic case, self-dual models have the important property that the energymomentum tensor is invariant under U(1) duality rotations [1, 7, 9, 10, 12] . It is natural to ask whether this property extends to the supersymmetric case, the superfield generalization of the energy-momentum tensor being the supercurrent T a =T a and supertrace T , DαT = 0. These are defined in terms of covariantized variational derivatives with respect to the supergravity prepotentials (see [28, 30] for more details),
and satisfy the conservation equation
when the matter superfields are put on the mass shell.
Gaillard and Zumino [7, 12] developed an elegant, model-independent proof of the fact that the energy-momentum tensor of any self-dual bosonic system is invariant under U(1) duality rotations. It is not quite trivial however to generalize this proof to the supersymmetric case, and this is why we will follow a brute-force approach, similar to [1, 9, 10] , and directly check duality invariance of the supercurrent and supertrace.
Let us first turn to the supertrace. For the model (2.18), it is 
It is an instructive exercise to show that δT vanishes for Λ = 0 only if the self-duality equation (2.20) is taken into account. Now, the conservation equation (2.26) is to be satisfied both before and after applying the duality rotation. Since T is duality invariant, the left hand side of (2.26) should also be invariant. This implies duality invariance of the supercurrent.
Coupling to new minimal supergravity
It is known that new minimal supergravity can be treated as a super-Weyl invariant dynamical system describing the coupling of old minimal supergravity to a real covariantly linear scalar superfield L,
Any system of matter superfields Ψ coupled to new minimal supergravity can be treated as a super-Weyl invariant coupling of old minimal supergravity to the matter superfields Ψ and L (see [30] for a review). It is clear that matter couplings in the new minimal formulation of supergravity are more restrictive as compared to the old minimal version.
Here we will demonstrate how to couple the models of self-dual nonlinear electrodynamics to new minimal supergravity.
Super-Weyl transformations, originally introduced in [32] , are simply local rescalings of the chiral compensator in old minimal supergravity (see [28, 30] ). In terms of the covariant derivatives, the super-Weyl transformation 6 is
with σ(z) an arbitrary covariantly chiral scalar parameter,Dασ = 0. Since
when acting on a scalar superfield, it is clear that the super-Weyl transformation law of L is uniquely fixed to be L → e −σ−σ L .
(2.32)
The new minimal supergravity action 7 is
Given a massless vector multiplet, eq. (2.7), the gauge field V is inert under the super-Weyl transformations, while W α changes as
It is then clear that only the kinetic term in (2.18) is super-Weyl invariant. However, the nonlinear part of (2.18) can be promoted to a super-Weyl invariant functional by coupling the vector multiplet to L. To achieve this, it is sufficient to notice that the combination 8
is super-Weyl invariant. As a result, we can replace the action (2.18) by the following functional 9 
, see eq. (2.6). 7 In the flat superspace limit, when we set H m = 0 and ϕ = 1, such an action describes the so-called relaxed tensor multiplet [33] . 8 Here we actually generalize the construction [14] of N = 1 superconformal U(1) duality invariant systems in flat superspace. 9 Without spoiling the super-Weyl invariance and self-duality of the action (2.36), the 'compensator'
L can be replaced in (2.36) by L/κ, with κ a coupling constant. We set this constant to be one since it can be absorbed via renormalization of the self-interaction,Λ(u,ū) = κ 2 Λ(κ 2 u, κ 2ū ), see [15] .
which is (i) super-Weyl invariant and (ii) self-dual, i.e. it solves the self-duality equation (2.14) . This action describes self-dual supersymmetric electrodynamics in new minimal supergravity.
Coupling to nonlinear sigma models
As is known, supersymmetric nonlinear sigma models are most easily described in the framework of new minimal supergravity (see, e.g. [30] for a review). Given a Kähler manifold parametrized by complex coordinates φ and their conjugatesφ, with K(φ,φ) the Kähler potential, the corresponding supergravity-matter action is
The dynamical variables φ are covariantly chiral scalar superfields,Dαφ = 0, being inert with respect to the super-Weyl transformations. The action is obviously super-Weyl invariant. Moreover, the action is invariant under the Kähler transformations
38)
with λ(φ) an arbitrary holomorphic function.
It is easy to couple the above model to the self-dual supersymmetric electrodynamics (2.36). The supergravity-matter system is described by the action
39)
and this theory possesses several important symmetries: (i) super-Weyl invariance; (ii) Kähler invariance; (iii) U(1) duality invariance. We should now uncover the description of this theory in the framework of old minimal supergravity.
Let us replace the action (2.39) by the following auxiliary action
Here the additional dynamical variable U is an unconstrained real scalar superfield, and the action S[W,W , Υ] is obtained from (2.36) by replacing L → Υ. In order for the action to be super-Weyl invariant, the superfield U must possess the following super-Weyl transformation law:
The theories (2.39) and (2.40 ) are equivalent to each other. Indeed, the U-equation of motion derived from (2.40) is algebraic and it can be uniquely solved by expressing U in terms of the other superfields. Upon elimination of U in this way we regain the action (2.39). On the other hand, let us consider the L-equation of motion derived from (2.40): (D 2 − 4R)D α U = 0. The general solution to this equation is just the requirement that U be the sum of a covariantly chiral scalar superfield and its conjugate; as a result, the linear superfield L completely decouples. Now, the super-Weyl gauge freedom (2.42) allows us to impose the gauge condition U = 0, and the action (2.40) then becomes
This is the old minimal supergravity counterpart of the model (2.39). To preserve the super-Weyl gauge condition U = 0, any Kähler transformation (2.38) must now be accompanied by the induced super-Weyl transformation with σ = 1 3 λ(φ). As a result, one ends up with the so-called super-Weyl-Kähler transformations (see [28, 29, 30] for more details).
Coupling to the dilaton-axion multiplet
In the above analysis of the coupling of self-dual supersymmetric electrodynamics to Kähler sigma models in curved superspace, it was assumed that the matter superfields, φ andφ, are inert under the electromagnetic duality rotations. Of some interest is a more general situation when, say, a chiral matter superfield Φ and its conjugateΦ do transform under duality rotations, which can now span a larger group than the one corresponding to the pure gauge field case. Coupling to the so-called dilaton-axion supermultiplet is an important example.
We start by formulating the conditions of duality invariance for the Abelian vector multiplet (W α ,Wα) interacting with chiral matter (Φ,Φ) in curved superspace. Let S[v] = S[W,W , Φ,Φ] be the action functional of the supergravity-matter systems, with the dependence of S[v] on the supergravity prepotentials being implicit. We again introduce covariantly (anti) chiral spinor superfieldsMα and M α defined by the rule (2.9). Since the Bianchi identity D α W α =DαWα and the gauge field equation of motion D α M α =DαMα are of the same functional form, we may consider infinitesimal duality transformations
with ξ(Φ) a holomorphic function and a, b, c and d real numbers.
Following [15] , the conditions of duality invariance in the presence of matter can be shown to be
with d = −a. We see that the maximal group of duality transformations is Sp(2, R) ∼ = SL(2, R). The complex variable Φ should then parametrize the homogeneous space SL(2, R)/U(1), with the vector field ξ(Φ) in (3.2) generating the action of SL(2, R) on the coset space. The matter-free case, which was considered before, corresponds to freezing the superfield Φ(z) to a given point of the space SL(2, R)/U (1) . In such a case, the duality group, SL(2, R), reduces to U(1) -the stabilizer of the point chosen.
To describe the dilaton-axion multiplet, we make use of the lower half-plane realization of the coset space SL(2, R)/U (1) . Then, the variation δΦ = ξ(Φ) in (3.1) is
Our solution to the equations (3.2) reads
and u is defined in (2.19) . Here K(Φ,Φ) is the Kähler potential of the Kähler manifold SL(2, R)/U(1). The term d 8 z E −1 L K(φ,φ) in (3.4) corresponds to the chiral matter which is inert under the duality rotations. For Φ = −i, the action (3.4) reduces to (2.39).
The supergravity-matter system (3.4) enjoys the following important properties: (i) super-Weyl invariance; (ii) Kähler invariance; (iii) SL(2, R) duality invariance. To reformulate this theory in the framework of the old minimal version of N = 1 supergravity, one should eliminate the real linear compensator L following the procedure described in subsection 2.6. This will lead to
Unlike (3.4) , this action enjoys the super-Weyl-Kähler invariance.
To describe the dilaton-axion complex, we have used the N = 1 chiral multiplet. In the context of heterotic string theory, the dilaton-axion complex is realized in term of the N = 1 tensor multiplet. Transition from the chiral to the tensor realization can be implemented as follows. The dilaton-axion Kähler potential can be chosen to be K(Φ,Φ) = −κ 2 ln i(Φ−Φ), with κ a constant. As a result, the action (3.4) can be brought (at the cost of sacrificing the manifest gauge invariance in the second line of the action) to such a form that Φ andΦ appear only in the real combination i(Φ −Φ). We can then apply a superfield Legendre transformation which turns the description in terms of Φ and Φ into the one in terms of a real superfield G under the modified linearity condition
This constraint is known to describe the Chern-Simons coupling of the tensor multiplet to the vector multiplet. An interesting open question is: What is the fate of the SL(2, R) duality symmetry in this dual version of the theory?
